Abstract. The research addressed here concerns the construction of the probability distribution of a random vector in high dimension using the maximum entropy (MaxEnt) principle under constraints defined by the available information. In this paper, a new algorithm, adapted to the high stochastic dimension, is proposed to identify the Lagrange multipliers introduced to take into account the constraints in the MaxEnt principle. This new algorithm is based on (1) the minimization of an appropriate convex functional and (2) the construction of the probability distribution defined as the invariant measure of an Itô Stochastic Differential Equation. The methodology is validated through an application devoted to the generation of accelerograms which are physically consistent and spectrum compatible.
Recently, a new methodology [29] , which consists in constructing the MaxEnt probability distribution as the invariant measure of an Itô Stochastic Differential Equation (ISDE), has been introduced for the low and high stochastic dimension. This method allows independent realizations of a high-dimension random vector constructed using the MaxEnt principle to be generated and then the high dimensional integrals to be estimated using the Monte Carlo simulation method or using the ergodic method.
The objective of this paper is to improve the methodology introduced in [29] by introducing a more efficient algorithm for the identification of the Lagrange multipliers. The proposed algorithm is based (1) on the minimization of the convex cost function introduced by [1] , (2) at each iteration, on the use of an ISDE to construct independent realizations allowing the gradient and the Hessian to be estimated, (3) on the use of efficient initial conditions for the ISDE. This algorithm allows the Lagrange multipliers to be identified with a few number of Newton iterations.
In Section 2, the construction of the MaxEnt probability distribution is briefly summarized. Section 3 is devoted to the identification of the Lagrange multipliers introduced in this construction. In Section 4, the methodology is validated in high dimension (random vector with 1, 600 components) through an application which deals with the generation of accelerograms which are physically consistent and spectrum compatible .
Construction of the MaxEnt probability distribution.
Let A = (A 1 , . . . , A N ) be a R N -valued second-order random variable. The objective of this section is to construct the probability density function a → p A (a) of the random vector A using the MaxEnt principle under the constraints defined by the available information relative to random vector A. The support of the probability density function (pdf) is assumed to be all the set R N .
Available information.
The available information for the random vector A can be deduced from physical considerations and/or experimental measurements. In some cases, such as the design of a structure, the available information can also be deduced from engineering specifications. Let E{.} be the mathematical expectation. We suppose that the available information is written as E{g(A)} = f , (2.1) in which a → g(a) is a given function from R N into R μ and where f is a given vector in R μ . Equation (2.1) can be rewritten as
An additional constraint relative to the normalization of the distribution p A (a) is introduced such that
3)
It should be noted that the available information type defined by Eq. (2.1) is not a limitation. Indeed, most of the information available in physical phenomena are written or can be hal-00851201, version 1 -13 Aug 2013
rewritten in the form defined by Eq. (2.1). As it will be seen in the applications of Section 4, we can also control each realization of random vector A by imposing appropriate constraints.
MaxEnt probability distribution.
The entropy of the probability density function a → p A (a) is defined by 4) which is defined as a measure of uncertainty for p A (a) and where log is the natural logarithm. Let C be the set of all the probability density functions defined on [14, 15] ) that the MaxEnt solution, if it exists, is defined by 
Therefore, Eq. (2.5) can be rewritten as
in which λ sol is such that Eq. (2.2) is satisfied and where c 0 (λ) is defined by
The identification of the vector λ sol of the Lagrange multipliers is the objective of this paper and is addressed in the next Section.
Calculation of the Lagrange multipliers.
In this section, we propose a methodology for the calculation of λ sol . We first present the general methodology for the calculation of this vector. Then we present the Gaussian particular case for which the gradient and the Hessian of the objective function can explicitly be calculated. The Gaussian case is useful (i) either if the available information consists only of linear or affine transformations of statistical secondorder moments (ii) or for initializing the value of the Lagrange multipliers in the iterative algorithm devoted to the non-Gaussian case. Finally, we present the case for a general MaxEnt distribution for which integrals on R N have to be estimated using an appropriate methodology.
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A more convenient way to calculate vector λ sol consists in solving the following optimization problem (see [1, 11, 19, 6] ), 2) in which the objective function Γ is written as
It should be noted that the great interest of such a formulation is that the introduced objective function Γ does not depend on the Lagrange multiplier λ 0 associated with the constant of normalization. We recall that, under the same hypotheses, the usual strictly convex objective function (λ 0 , λ) → Γ(λ 0 , λ) is written (see for instance [15] ) as Γ(λ 0 , λ) = λ 0 + λ, f + e −λ 0 {c 0 (λ)} −1 , which depends on the constant of normalization. Let {A λ , λ ∈ L μ } be a family of random variables for which the pdf is defined, for all λ in L μ , by
Then the gradient vector ∇Γ(λ) and the Hessian matrix [H(λ)] of function λ → Γ(λ) are written as 6) in which u T is the transpose of u. It can be noted that the Hessian matrix [H(λ)] is the covariance matrix of the random vector g(A λ ). It is assumed that the constraints defined by Eq. (2.2) are algebraically independent. Consequently, the Hessian matrix is positive definite and therefore, function λ → Γ(λ) is strictly convex and reaches its minimum for λ sol which is such that ∇Γ(λ) = 0 for λ = λ sol . It can then be deduced that the minimum of function λ → Γ(λ) corresponds to the solution of Eq. (3.1). The optimization problem defined by Eqs. (3.2) and (3.3) can be solved using any minimization algorithm. Since function Γ is strictly convex, the Newton iterative method can be applied to the increasing function λ → ∇Γ(λ) for searching λ sol such that ∇Γ(λ sol ) = 0. This iterative method is not unconditionally convergent. Consequently, an under-relaxation is introduced and the iterative algorithm is written as
in which α belongs to ]0 , 1] in order to ensure the convergence towards the solution λ sol . For α = 1 there is no under-relaxation and it is under-relaxed for 0 < α < 1. The Newton iterative hal-00851201, version 1 -13 Aug 2013 method which is proposed will not require the calculation of the normalization constant c 0 (λ) of the pdf in the Γ(λ) function defined by Eq. (3.3) (such a calculation would constitute a difficult problem in high dimension). In fact, as we will present in Section 3.3, an algorithm belonging to the Markov Chain Monte Carlo (MCMC) class will be used to calculate the mathematical expectations in Eqs. (3.5) and (3.6) which will not require the calculation of the normalization constant c 0 (λ) of the pdf. At each iteration i, the error is defined by 8) and is calculated in order to control the convergence of the algorithm. The performance of this algorithm depends on the choice of the initial condition for which details are given in Section 3.3.2.
Gaussian case.
In this section, we consider the particular case for which the available information leads us to a second-order centered random vector A which is Gaussian. Note that if A was not centered, with a given mean value m, we could only consider the associated centered random vector A − m. This case is interesting to calculate the covariance matrix of the Gaussian centered random vector A when the μ constraints are defined by μ quadratic forms on R N . Since these constraints must be algebraically independent, it is assumed that 1 < μ ≤ N (N + 1)/2. It should be noted that the case μ = 1 is trivial. The available information is then defined by the following constraints,
..,μ are μ symmetric (N × N ) real matrices which are assumed to be algebraically independent. Let λ m be the Lagrange parameter relative to the constraint defined by Eq. (3.9), λ = (λ 1 , . . . , λ μ ) be the Lagrange parameter relative to the constraint defined by Eq. (3.10). In this case, the MaxEnt pdf is written as
Using Eq. (3.9), it can be shown that λ m = 0. Below, A (0,λ) is rewritten as A λ . We then have
which is assumed to be positive definite for all λ in L μ . In this case, Eq. (3.12) can be rewritten as 13) hal-00851201, version 1 -13 Aug 2013
in which c 0 (λ) is the normalization constant such that
Equations (3.13) and (3.14) show that A λ is effectively a real centered Gaussian random vector for which the covariance matrix is [K(λ)] −1 . For this Gaussian case, function Γ(λ), gradient vector ∇Γ(λ) and Hessian matrix [H(λ)] can explicitly be derived. Using Eqs. (3.3) and (3.14), we then have
The gradient vector is then written as 16) in which tr is the trace for matrices. The Hessian matrix is written as
Finally, Eq. (3.7) allows λ sol to be calculated iteratively.
General non-Gaussian case.
For the Gaussian case presented in the previous section, the integrals in high dimension involved in Eqs. (3.3), (3.5) and (3.6) have explicitly been calculated which facilitates the identification of vector λ sol of the Lagrange multipliers. In general, for the non-Gaussian case, these integrals cannot explicitly be calculated. Due to the high dimension, these integrals can not be discretized in R N such as proposed in [34] in the context of the MaxEnt methodology. In the same context, in [6, 9] , the authors construct a set of linear equation using an integrating by parts of Eq. (2.2) and, in [2] , the moment problem is solved in approximating the MaxEnt distribution on an adapted family of basis functions (these two methods are well adapted for N = 1). In this paper, the integrals involved in Eqs. (3.3), (3.5) and (3.6) are estimated using the Monte Carlo simulation method [22] for which independent realizations of the random vector A λ are generated using an algorithm belonging to the MCMC class which is adapted to the high dimension, as proposed in [29] . In this Section, we first introduce a generator of independent realizations of a random vector in high dimension for which the pdf is constructed using the MaxEnt principle. Then an algorithm for the calculation of vector λ sol of the Lagrange multipliers is presented.
Generator of independent realizations.
The objective of this section is to provide a generator of independent realizations of the random variable A λ for all λ fixed in L μ . A generator of independent realizations for MaxEnt distribution has been proposed in [29] in the class of the MCMC algorithms. The methodology introduced consists in constructing the pdf of random vector A λ as the density of the invariant measure, p A λ (a)da, associated with the stationary solution of a second-order nonlinear ISDE. The advantages of this generator hal-00851201, version 1 -13 Aug 2013 compared to the other MCMC generators such as the Metropolis-Hastings algorithm (see [12] ) are: (1) The mathematical results concerning the existence and the uniqueness of an invariant measure can be used, (2) a damping matrix can be introduced in order to rapidly reach the invariant measure and (3) there is no need to introduce a proposal distribution which can induce difficulties in high dimension. In this paper, two modifications are introduced compared to the methodology introduced in [29] . The first one concerns the introduction of a damping matrix instead of a homogeneous damping parameter and therefore, which allows the convergence rate to be better controlled for all the components of the random vector. The second one concerns an optimal choice of the probability distribution of the initial condition of the ISDE which has to be solved for each given value of the Lagrange multiplier during the iterative algorithm.
i -Construction of the ISDE
Let u → Φ(u, λ) be a potential function defined by
We then introduce the stochastic process {(U (r), V (r)), r ≥ 0} with values in R N × R N satisfying, for all r ≥ 0, the following ISDE (see [13] , [27] ) 19) with the initial conditions
In Eq. (3.19), ∇ u Φ(u, λ) is the gradient of function Φ(u, λ) with respect to u, such that 
is the normalized Wiener stochastic process indexed by R + . The random initial condition (U 0 , V 0 ) is a second-order random variable independent of the Wiener stochastic process {W (r), r ≥ 0}. The probability distribution of the initial condition will be discussed in the next section. Then it can be proven (see [27, 29] 
is bounded on all compact set in R N ), and if 23) hal-00851201, version 1 -13 Aug 2013
then, the ISDE defined by Eqs. (3.19) and (3.20) admits an invariant measure defined by the pdf ρ λ (u, v) with respect to du dv, which is the unique solution of a steady-state FokkerPlanck equation and which is written as 25) which shows that
It can then be deduced that, for r → +∞, the stochastic process {(U (r), V (r)), r ≥ 0} tends to a stationary stochastic process in probability distribution, for which the one-order marginal probability distribution is ρ λ (u, v) du dv. It can then be concluded that, for r → +∞, the stochastic process {U (r), r ≥ 0} tends to a stationary stochastic process in probability distribution, for which the one-order marginal probability distribution is p A λ (a) da and we can briefly write,
In addition, for r → +∞, (1) U (r) and V (r) tend to independent random variables, (2) U (r) and V (r) tend to be independent of the random initial conditions, (3) V (r) tends to a centered Gaussian random vector with covariance matrix equal to the identity matrix. Therefore, using an independent realization of the Wiener stochastic process W and an independent realization of the initial condition (U 0 , V 0 ), an independent realization of the random vector A λ can be constructed as the solution of the ISDE defined by Eqs. (3.19) and (3.20) , for r sufficiently large. The value r 0 of r for which the invariant measure is approximatively reached depends on the choice of the damping matrix [D λ ] and on the probability distribution of the random initial conditions. The damping induced by the matrix [D λ ] has to be sufficiently large in order to rapidly kill the transient response but a too large damping introduces increasing errors in the numerical integration of the ISDE. Concerning the initial conditions, the more the probability distribution of the initial conditions is close to the invariant measure, the shorter is the transient response. Particularly, if the probability distribution p U 0 ,V 0 (u, v) du dv is equal to the invariant measure ρ λ (u, v) du dv, then for all fixed r > 0, the probability distribution of the random vector (U (r), V (r)) is this invariant measure. The choice of the pdf p U 0 ,V 0 , which allows the invariant measure to be rapidly reached, is discussed in Section 3.3.2.
ii -Discretization of the ISDE
Several numerical integration schemes of an ISDE have been proposed in the literature. They are classically divided into three types: Explicit schemes, implicit schemes and semi-implicit schemes. A review and comparisons of the main integration schemes can be found in [4] .
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For the second-order ISDE under consideration, the choice of the integration scheme depends on the regularity of the potential function Φ(u, λ) involved in the ISDE and the required precision. The advantage of implicit schemes is their unconditional stability with respect to the integration step size. Nevertheless, such an implicit scheme is time consuming because it requires to solve a nonlinear equation at each integration step. The explicit schemes only require the evaluation of the potential Φ(u, λ) at each integration step but the stability of such schemes depends on the integration step size. If function u → ∇ u Φ(u, λ) is very "stiff" (presence of very large eigenvalues for the linearized second-order differential equation), then a small integration step size is required to guarantee the stability of the integration scheme.
In [29] , a semi-implicit integration scheme is proposed in order to avoid the resolution of an algebraic nonlinear equation at each step size while allowing a significant increase in the time step compared to a purely explicit scheme. The semi-implicit integration scheme, used for the application presented in Section 4.1, is summarized below. A semi-implicit scheme can easily be used when the potential can be written as the sum of a positive-definite quadratic form Q(u) in u with a nonlinear function of u. In such a case, the gradient with respect to u of the potential exhibits a linear part [Q ] u in which the Hessian [Q"] is a positive-definite symmetric real matrix independent of u. An implicit scheme can then be used for the linear part while the nonlinear part is considered with an explicit scheme. As a consequence, the equation which has to be solved at each integration step is an algebraic linear equation and therefore, its resolution is not time consuming. Let us then assume that, for all λ ∈ L μ , the potential function can be written as
for which the following decomposition λ = (λ L , λ NL ) ∈ L μ of the Lagrange multipliers has been introduced and where [K λ L ] is a positive-definite symmetric (N × N ) real matrix depending on λ L . Therefore, the gradient is written as (N × N ) 
If the gradient function ∇ u Φ NL (u, λ NL ) cannot explicitly be calculated, then L k NL is calculated using a finite difference approximation of ∇ u Φ NL (u, λ NL ).
The initial conditions are U 1 = U 0 and V 1 = V 0 .
iii -Estimation of the mathematical expectations
The integrals in high dimension involved in Eqs. (3.4), (3.5) and (3.6) are estimated using the Monte Carlo method and the generator of independent realizations previously defined. For = 1, . . . , n s , using n s independent realizations {ΔW k+1, , k = 1, . . . , M − 1} of the family of random vectors {ΔW k+1 , k = 1, . . . , M − 1} and n s independent realizations (U 0 , V 0 ) of the random initial conditions (U 0 , V 0 ) (which are also independent of {ΔW k+1 , k = 1, . . . , M − 1}), then the n s independent realizations U M, of the vector random U M are generated by solving n s times, for k = 1, . . . , M − 1, the following equations
Then, if M is sufficiently large, using Eq. (3.27), the n s independent realizations of the random vector A λ are constructed such that A λ U M, for = 1, . . . , n s . Therefore the mean value E{g(A λ )} and the correlation matrix E{g(A λ )g(A λ ) T } are estimated by
As we have previously explained, we need not to calculate the normalization constant c 0 (λ) for the proposed iterative algorithm. It should be noted that quantities M and n s can depend on the current value of λ but such a dependence has been removed to simplify the notation.
Implementation of the iterative algorithm for the calculation of the Lagrange multipliers.
In this section, we present the implementation of the iterative algorithm presented in Section 3.1 for the calculation of vector λ sol and also, the construction of n s independent realizations of random vector A.
(i) Concerning the initialization of the algorithm, an initial value λ init of λ has to be provided in L μ . A pdf of the random vector (U 0,init , V 0,init ) corresponding to the random initial condition (U 0 , V 0 ) for λ = λ init has to provided too. As explained in Section 3.3.1-i, the pdf p U 0 ,V 0 (u 0 , v 0 ) of the random initial condition has to be as close as possible to the invariant pdf (u, v) → ρ λ (u, v). Concerning V 0 , since for all λ in L μ and for r sufficiently large, the random vector V (r) is Gaussian, centered, with covariance matrix equal to the identity matrix, the pdf of V 0,init is chosen as the normalized Gaussian distribution, V 0,init ∼ N (0, [I n ]). Concerning U 0,init , if the potential function can be written as in Eq. (3.28) and if we set λ NL,init = 0, then A λ init is a Gaussian centered random vector for which the covariance matrix is [K λ L,init ] −1 . Therefore the pdf of U 0,init is chosen such that U 0,init ∼ N (0, [K λ L,init ] −1 ), and the initial value λ L,init can be identified using the methodology developed in Section 3.2 devoted to the Gaussian case. If the potential function cannot be written as in Eq. (3.28), then U 0,init = 0 almost surely can be taken. At this stage, λ L,init has been identified and λ NL,init must be chosen such that (λ L,init , λ NL,init ) is in L μ .
(ii) At each iteration of the algorithm, the calculation of λ i+1 given λ i required the calculation of the gradient and the Hessian for λ i . These quantities are estimated solving the ISDE with the pdf of the random initial condition which is chosen as the pdf of the invariant measure constructed for λ i−1 for which independent realizations are known. The algorithm for the identification of the Lagrange multipliers is summarized in Algorithm 1.
Algorithm 1: Identification of the Lagrange multipliers
INITIALIZATION:
4. Application.
Gaussian case: Generation of physically consistent accelerograms.
The application concerns the generation of realizations of a non-stationary Gaussian centered stochastic process in the framework of the generation of physically consistent accelerograms. The available information is constituted of second-moments of the stochastic process and other constraints which guarantees that the generated trajectories are physically consistent. stochastic process is introduced yielding a time series {A 1 , . . . , A N } for which the R N -valued  random vector A = (A 1 , . . . , A N ) is associated with. We then have to construct the probability distribution of random vector A. As explained in Section 3.2, since random vector A is centered, the lagrange multiplier relative to the mean vector is zero and therefore, the available information relative to the mean vector is useless. The available information for the random vector A is then defined as follows,
Definition of the available information. A time sampling of the acceleration
The N constraints defined by Eq. implies that the integral over the time observation of the displacement process associated with the acceleration process, is zero in the mean-square sense (in terms of earthquake engineering, this constraint allows the rock ground motions to be eliminated in the generated trajectories). Modeling this constraint and using Eqs. 
The admissible space L μ for the vector λ = ( 
General case:
Generation of physically consistent and spectrum-compatible accelerograms. With respect to the constraints defined in Section 4.1, an additional constraint is added in order to specify the mean Velocity Response Spectrum (VRS), see [7, 30] . The target spectrum is constructed from the European Code 8 (see [10] ). (s 1 (a) , . . . , s κ (a)) is a nonlinear mapping from R N to R κ defined, for all k in {1, . . . , κ}, by
in which ω k is a given frequency and [B k ] is a family of (N × N ) matrices defined by 8) in which 0 < ξ < 1 is the given damping ratio and where Δt is the time step relative to time series A. Then the available information relative to random vector A is defined by 13) where s = (s 1 , . . . , s κ ) is the mean VRS which is chosen as the target. It should be noted that a constraint relative to the zero mean value should be added. Nevertheless, using Eq. (2.5) and remarking that the constraints defined by Eqs. (4.9) to (4.13) are even functions in A, the Lagrange multipliers relative to the mean value are zero and therefore this constraint is not taken into account. Therefore, μ = N +3+κ and the function g(u) with values in R μ is defined by
E{(
. For this application, the gradient vector ∇ u Φ(u, λ) can be written as in Eq. (3.29), for which [K λ L ] is given by Eq. (4.5) in which λ is replaced by λ L and for which the nonlinear part (induced by the constraint defined by Eq. (4.13)) is written as For u = 0, this derivative does not exist but, since the initial condition is such that u = 0, the probability that U k, be equal to zero is zero. shows two independent realizations of the random vector A λ sol which are representative of two independent realizations of the random accelerogram. The corresponding trajectories of the velocity times series V N and of the displacement times series D N result from two successive numerical integrations of each realization of the random accelerogram and are plotted in Figs. 4.9 and 4.10. As expected, it can be seen that the end-velocity and the enddisplacements are equal to zero. Figure 4 .12 also shows the mean VRS estimated using realizations of the Gaussian accelerograms constructed in the Section 4.1. This figure shows the influence of the probability distribution on the random accelerogram and shows that the Gaussian modeling yields a completely different mean VRS compared with the non-Gaussian modeling for which the constraints relative to the mean VRS is taken into account. The confidence region of the random VRS with a probability level P c = 0.95 is plotted in Fig. 4 .13.
Conclusions.
We have presented a new algorithm for the identification in high stochastic dimension of the Lagrange multipliers of a probability density function constructed using 
